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On the basis  of the solution to the equation of motion of a var iable  m a s s ,  a formula  is der ived 
for  analytically calculating the c r i t i ca l  radius of a vapor  bubble in a boiling liquid during free 
flow of the latter.  

The formula  for  the c r i t ica l  radius of a vapor  bubble 

Ro =0.010 g (p, _ p.) 

was proposed by W. 
a s imi la r  formula  for  a sloping surface.  

The equil ibrium equation of fo rces ,  including the surface  tension as well as the Archimedes  force 
and the p r e s s u r e  force  on a bubble surface,  was solved in [3] with both the dynamic and the static compo-  
nents taken into consideration.  

A s imi la r  summation of forces  was used in [4-5]. 

Here the authors  will t ry  to determine the bubble radius before separat ion,  when the buildup is c o m -  
plete and a "neck" is formed,  taking into account other additional acting forces .  

A vapor  bubble separat ing f rom a surface will be represented  by a ma te r i a l  point of variable mass  
[6]. A mate r ia l  point is defined as a quantity of par t ic les  which at the instant of t ime t exist  within a r e -  
gion bounded by some re fe rence  surface  (in our  case  the interphase boundary) and assumed to be moving 
continuously together  with some geomet r i ca l  point, this point being the cen te r  of the bubble. The shape 
of a bubble is, m o r e o v e r ,  assumed spherical .  F r o m  analyt ical  mechanics  of v a r i a b l e - m a s s  bodies we 
have the well known equation of motion 

dv 
m - - -  = F ~ B .  (1) 

dt 

The vec tor  of the react ion force is 

Fr i tz  [1] and subsequently refined by var ious  other  authors.  S. G. Teletov [2] derived 

B = J - -  Y m wp q- (P. (2) 

The Coriol is  force is g = O here ,  because the motion of the ma te r i a l  point is t r ans la to ry  only. The acce l -  
era t ion of par t ic les  Wp contained within a ma te r i a l  point is zero  relat ive to the aaxi l iary sys tem of c o o r -  
dinates. The origin of the la t ter  coordinate sys tem is located at the center  of the given spher ica l  mater ia l  
point. With all these stipulations we have 

B : ~ .  (3) 

(impact) force produced as a resul t  of new par t ic les  joining the m a t e -  

r  d/~t An. 
a~ (4) 

The magnitude of the impulse 
r ia l  point is 
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TABLE 1. Comparison between the Cri t ical  Radius Calculated A c -  
cording to Formula  (18) and Measured in Tests  

Ro expe.r, mm [ 14] 

P, bars R~xpe r , mm extra treated Rotheor 
[11-13] pure surface surface 

0.98 
1.01 
1.33 
3.14 
3,20 

10,0 
11.6 
11.8 
47.7 
77,5 
95.7 

1.0--1.25 
0.75 
0.4 
0,35 
0,15 

F 

0.73 
0.7 

0.28 

1.24 

0~55 

0~15 
O, 145 
O. 130 
o. 085 

1,59 

0.32 

0. I 
0.023 
0,014 
0.01 

When a vapor  bubble separa tes  f rom a horizontal  surface ,  then the principal  vec tor  of external  forces  F 
includes the pulling force F 1 and the res i s tance  force  of the liquid F 2. Henceforth one may abandon the 
vec to r  notation and regard  just  the absolute values of quantities with the appropriate  algebraic  signs, be-  
cause in this pa r t i cu la r  case all fo rces  are  col l inear  in the same or  in opposite direct ions.  

Some authors  suggest  that surface tension be regarded  as the external  force ,  namely 

F 3 =2~RofO~. 

Here we will d i s rega rd  this force  for  the following reasons :  

f i r s t  of all,  the "neck" of a vapor  bubble ruptures  at  the instant of separat ion and, consequently,  the 
c i r cu l a r  a rea  on which surface tension is acting cont rac ts  to a point; 

secondly,  the force is determined by both the magnitude of surface  tension and by some function of 
the wetting angle 0. The magnitude of surface  tension is defined e i ther  under static conditions or  during 
slow separat ion [7]. Tes t  data obtained by photographic and cinematographic  recording indicate the ex-  
istence of a "neck" during separation. After  separat ion,  the bottom par t  of this "neck" remains  at the 
hea ter  surface.  Consequently, a determinat ion of the wetting angle is not re levant  here  in this sense,  the 
la t ter  being defined at the contact  of liquid and vapor  with a solid surface.  Here,  at the instant of s e p a r a -  
tion we measu re  a cer ta in  angle between the genera t r ix  of the vapor  surface  and the plane of the heater  
surface  at the point of separation. 

Taking all  this into considerat ion,  we wri te  the genera l  equation for  the dynamic balance of forces  
acting during the separat ion of a bubble f rom a horizontal  hea ter  surface  when the liquid boils but does not 
move relat ive to that heater  surface:  

d~ 
rn - -  = F 1 -]- F~ + ~. (5) 

dt 

Let  us now analyze the quantities in express ion  (5) as  they apply to a vapor  bubble. 
a vapor  bubble includes that of vapor  p rope r  and that of adjoining liquid [8]: 

/7/ = m 1 -q- m 2 ,  

The m a s s  m~of 

(6) 

where  m i = p"V and m 2 = Cp'V. 

The pulling force  is 

F~ = Vg  (V - -  V'). (7) 

The force  of res i s tance  to bubble motion will be determined as follows. On the basis  of tes t  data 
per ta ining to the c r i t i ca l  s ize of a bubble and on the basis  of theore t ica l  calculat ions pertaining to the 
velocity of the interphase boundary during bubble buildup, we find that the Reynolds number  is of the o rde r  
of Re ~ 104. At the instant of separa t ion a bubble is assumed to be spher ical ,  and the res i s tance  coeff i -  
cient  for  a sphere is ~ = 0.42 so that the res i s tance  force  becomes  [9] 

F~ = ~Sp' v~'. (8) 
2 

The impulse (impact) force  can be determined as follows. 
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During passage  through the in terphase  boundary,  the veloci ty  of pa r t i c l e s  changes stepwise [10]: 

g~P 1 - - - -  . Au=o,, p,] 

Considering that gp = g / r ,  we can wri te  

(9) 

gp -: O"k. (i0) 

The ra te  of pa r t i c l e s  p ierc ing through the boundary is cha rac t e r i zed  by the change of bubble mass ,  i. e . ,  

d V _ p,, dV (11) 
dt dt 

Taking all this into account,  we wri te  the express ion  for  the impulse force  as follows: 

. (  p" ~ dVdt 
�9 = P"R, : -  7 ]  

(12) 

In the genera l  Eq. (5) we exp res s  all  quanti t ies  explici t ly and obtain 

dv v' p,,/~ ( p") dV (13) V (p" @ Cp') ~ = Vg (p'-- p") --  ~Sp' -~- -~- 1-- ~ -~  

As the condition for  bubble separa t ion  f rom a hea te r  surface we let  
u: /~: (14) 

Indeed, the veloci ty  of the bubble cen te r  v a f t e r  separat ion mus t  be higher  than the veloci ty  of the bubble 
wall  R, les t  the bottom of the sphere  keep adjoining the hea te r  surface .  At the instant when both these 
ve loc i t ies  become equal,  as veloci ty  v inc reases  re la t ive  to R, will be the instant  of bubble separat ion.  

In o r d e r  to de te rmine  the veloci ty of the bubble wall,  we use the model  of bubble buildup at a hea te r  
surface  according to [11]. The choice of this model  is dictated by the fact that most  heat at the instant of 
separat ion is supplied to the bottom "adhering" region of the superheated liquid l aye r  on the hea te r  s u r -  
face. The veloci ty of the bubble wail ,  i. e . ,  the ra te  of bubble buildup is 

~ I (15) 
.rp" R 

When 0 = 0, then fi = 6.9 ~ 7.0 [10]. Fo r  this buildup model ,  under  the conditions stipulated here ,  wehave  

Z@'l~ 1 (16) d-L = k = : -  ~ R~ dt r9" ,] 
Solving Eq. (13) with the separat ion condition taken into account,  we obtain the following formula  for  the 
c r i t i ca l  radius:  

rp" ! g g g 

o r f o r  p' >> p" 

Coefficient  C = 1.75 when angle 0 = 0. 

or  for  p' >> p" 

rp"] ( ~  ~_ 0.16 (17a) 
g 

Formulas  (17) and (17a) become then 
pr/ 

1,91--3 - -  
R0= (7.0 ~_~/2/3 ( p, )i/3, (18) 

rp" / \ g 

R~ -2"12 , r ,~  )2/a. (18a) 

It is evident f rom (18) that,  as the p r e s s u r e  of the boiling liquid r i s e s ,  the c r i t i ca l  radius  of bubbles will 
d e c r e a s e  -- which ag rees  with available tes t  data. 

The theore t ica l  data a re  compared  with t es t  data [12-15] in Table 1. Only in [15] have we found 
superheat  values for  a hea te r  sur face  and, the re fo re ,  the theore t ica l  values  of the c r i t i ca l  radius  have 
been given here  for  p r e s s u r e  st ipulated in [15]. It is noteworthy that the ag reement  between theore t ica l  
and t es t  values is c loses t  for  p r e s s u r e s  up to 10 bars .  
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N O T A T I O N  

is the cr i t ical  radius of a vapor bubble, m; 
is the surface tension, N/m; 
is the wetting angle, in ang. deg. ; 
is the function of angle 0; 
is the acceleration of gravity, m/sec2; 
is the density of liquid, kg/m3; 
is the density of vapor, kg/m3; 
xs the time, sec; 
is the mass of a mater ia l  point, kg; 
is the velocity vector  of the center  of a mater ia l  point, m/sec ;  
is the principal vector of external forces,  N; 
is the vector of the reaction force,  N; 
is the vector  of the impulse (impact) force,  N; 
is the rate of part ic les  passage in a given direction, kg/sec;  
is the step change in the velocity of part icles passing at a given instant of time, m/sec ;  
~s the volume of a vapor bubble, m3; 
is the coefficient of adjoining mass; 
is the coefficient of hydraulic resistance;  
is the median section area of a bubble, m2; 
is the rate of phase transformation, kg/m 2" sec; 
is the thermal flux density needed for changing the aggregate state of the substance at the in ter-  
phase boundary, per  unit a rea  of interphase boundary, W/m2; 
is the latent heat of evaporation, J/kg; 
is the velocity of the interphase boundary, m/sec ;  
is a coefficient; 
is the thermal conductivity, W/m" ~ 
is the temperature difference between a superheated wall and the liquid away from it, ~ 
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